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Dictionary

Definitions from Oxford Languages - Learn more

‘))) relation

1. the way in which two or more people or things
are connected; a thing's effect on or relevance
to another.

2. a person who is connected by blood or
marriage; a relative.



https://languages.oup.com/google-dictionary-en
https://support.google.com/websearch/answer/10106608?hl=en
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e
. exanples |
A A
R
Eu_\ |

R_FAINearx %

gR|a—-b| < 1(a, b € R), MFRa, bEFENearx%.

im AEFTA IXIFRI R RICTERISE S 2R,

-

a b

>

RIEM: [ SXEHRI1-11=0<1, EREE. LEMXRAUR(@LET

h -

e Ya€e R. (a,a) € R — B &%(reflexivity)

e YVa,b e R. ((a,b) € R = (b,a) € R) — XFRIE(symmetry)
e YVa,b,ce R.((a,b) e RA(b,c) €R — (a, C)ER)

— &% % (transitivity) (X TR R E

N FE)
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. examples

“9&%!!

EFRXA

RX = {1,2,3,4,5,6,10,12,15,20,30,60}, “<xZR"EX LY
EIRKAR.

BRANTIRZE:
R=1{(1,2),...,4,12),...,(12,60), ...,(4,60), ..., (60,60)}
oAl 1<

e Yae X. (a,a) ER

= [z % (reflexivity)

), -

e Va,b,ce X.((a,b) e RN (b,c) ER — (a,c) €ER)
— {3 M (transitivity) (X TELE T)
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EELNBEXAR: &8{a b, c}

Befl 120
e Yae X. (a,a) ER

b -

= [z % (reflexivity)

e Va,b,ce X.((a,b) e RN (b,c) ER — (a,c) €ER)
— {3 M (transitivity) (X TELE T)
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B LR “KRF” &R
oAl 1220
e Vae X. (a,a) € R — B&4%(reflexivity)
e YVa,be X. ((a,b) € R = (b,a) € R) — XFRE(symmetry)
e YVa,b,ce X. ((a,b) e RN (b,c) ER — (a,c) € R)
— {&£3&E % (transitivity)

e Yabe X.(a#b— (a,b) e RV (b,a) € R) — EiZlk
(connectivity)

h
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—. BFX

o)l Bl 1 BEALZEERI?
e BIIFE: (a,b)=(c,d) < a=cAb=d
1. 5FX
Def1. B % XJ(Ordered Pairs)

(a,b) = {{{a},D}, {{b}}}

REHARIL

70N 4

HREE

e

BY[E

HNE T ...

13
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Norbert

Wiener; 1914



—. BFX
a)@l: A TELXETFIT?
e BIIFE: (a,b)=(c,d) < a=cAb=d
1. BFX
Def1. B % XJ(Ordered Pairs)
(a,b) = {{a},{a,b})
AEBATMURERI I ENE®R T ...

14



—. BFX

\ ey e —— -l I\ L V4 2 _.1 L A ! —_— 0 -

EIE 3.4.1.

(a,b) = (¢,d) <= a=cAb=d

JE B, 0 A UE B

1. %
({{a}, {a,b}} = {{c}, {c, d}}) > (a=cAb=d)
De BAA
{{a},{a,b}} = {{c},{c,d}}
{a} = {c} V{a} ={c,d}) A ({a,b} = {c} V{a, b} = {c,d})
A

{a} = {c} AMa,b} = {c,d}) V
{a'} - {C’ d} A {a’b} - {C}) \

= (
= ({a} = {c} AMa, b} = {c}) V
(
(
({a} = {¢c,d} A a,b} = {c,d})

=

5 Norbert Wieher; 1914



—. BFX

1. 8FY
Def2.njc2H(n-ary tuples)

x,9,2) = (%, ), 2)

2. CartesianfQ:
Def3. The Cartesian product A X B of A and B is

defined as
Bt 21285 EIE

AxBé{(a,b)\aeA/\bEB}J

16



—. BFX

2. CartesianfX:
Def3. The Cartesian product A X B of A and B is

defined as

AXBé{(a,b)\aeA/\beB}J B AEHRIR

(2) ZERE

5l =
XXO=0XX

XXY#YXxX
(XXY)XZ # XX (Y XZ)
A=1{1} (AXA)XA #;AX(AXA)

1
LS

RERRE, 55T

, AEDEE.
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—. BFX

2. CartesianfX:
Def3. The Cartesian product A X B of A and B is

defined as

AXB = {(a, b)\aEA/\bEB}J RitAmREE

(2) TEHE: pECE

AX(BNC)=(AXB)N(AXC) J Why?

AXBUC) =AXB)UAXC(C)
AX(B\C)=AXB\AxC(C)

18



—. BFX

2. CartesianfX:
Def3. The Cartesian product A X B of A and B is

defined as

AXB = {(a, b)\aEA/\bEB}J RitAmREE

Proof. AX(BNC)=AXB)NAXC(C)
N EENE R (a, b):
(a,b) e AX(BNC)
S a€eANbe(BNC)
c:aeAAbeBAQ;Z??;
S a@€eAANbeEBANaeEAND e ()

<~ (a,b) e AXBA(a,b)e AXC
— (a,b) e(AXB)NAXC)

e X HEFAINMEX
THIER

>LL




—. BFX

3. n-ary Cartesian Product:
Def4.
X, XX, xX; = (X, XxX,) XX,

X, XXoX .. XX 22X XXX ... XX _)XX

Bt =2 V3AME

Rl’l

20




L BAFNEMRN KRR

1. &= & (relations)

Def5. A relation from A to B is a subset of A X B
RCAXB

Sepcially, if A = B, R is called a relation on A.

104 R (a, b) € R, icfEaRb
iR (a,b) & R, icfEaRb

21



e,
o

— N examplesf
e T
1. X Z(relations)

Def5. A relation from A to B is a subset of A X B
RCAXB

Sepcially, if A = B, R is called a relation on A.

1CA: WR(a, b) € R, icfEaRb
iR (a, b) & R, ictEaRb

INFRZR: <= {(a,b) e RXR | aislessthan b}
BigxHR: D ={(a,b)) eNXN|JgeN.a-qg=>b)}
xR M= {(a,b) € A X A | aisthe mother of b}
Bg2eXk&R F={(ab) € AX A | aisthefather of b}




. RRZNEEIZE

=PMENX 1. X (domain) 2. {EiF(range) 3. 1F(field
h FIR{E R, 1%, PR, ES.
TR

2/

AN
y — JJHY

LB %, Eix

SO

3/ FR/

ey TAEH #

R LV [M] Jand
repl,obj, oper, rval, ro, vis. ar), info,

HNF IS GS,

S ENINEET ST
T IXEREER

BlE, FAR

ReplicalD

g —
IImI JnH

s € ReplialD

— g

the former. The only non-trivial obligation s 1o show that if

V [M] ((E.repl. obj. oper. rval, ro, vis), info]

Figure 13. A selection of consistency axioms over an execution
(E, repl, obj, oper, rval, ro, vis, ar)

Auxiliary relations the res
sameobj(e, f) <= obj(e) = obj(f)
Per-object causality (aka happens-before) order:

hbo = ((ro N sameobj) U vis)* R 1 | opate

Causality (aka happens-before) order: hb = (ro U vis)*
Axioms

EVENTUAL:

Ve € E. (3 infinitely many f € E.sameobj(e
THINAIR: ro U vis is acyclic
POCYV (Per-Object Causal Visibility): hbo C vis
POCA (Per-Object Causal Arbitration): hbo C ar
COCYV (Cross-Object Causal Visibility): (hb M sameobj) C vis
COCA (Cross-Object Causal Arbitration): hb U ar is acyclic

vis

) A=(e = f))

oper(

ic, this implies that for some e

f € E.oper(c

Fta (hfwei@

nju.edu.cn)

(1) #% (Relation)

rge RECEIVE. Let receive

EUE'| 3a. oper”(c) = wri
s € ReplicalD A 1 < k < max{u(s
s, .k (repl(e?,

By the definition of V"’ and V" we have

€v

2021 4 04 H 08 H

3/83
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=. RANEHZE

(

) = TENX
1. T X 1Z(domain)
Def6.

dom(R) = {a | 3b. (a,b) € R}

‘FMEEEXHMS E—1TTENET”

2. {818 (range)

Def7 . ran(R) — {b | da . (CZ, b) c R}

‘FMEREXRMS B 1TTENES”

3. g (field)

Def8.
fld(R) = dom(R) U ran(R)

24
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examples

#kth

R={(xy) |x*+y’=1}CRXR
dom(R) =[1,1],ran(R) = [-1,1],fld(R) = [—-1,1]

e ASRSNRICRIEFEXERNT.




~ exanples

SOEARNESEEE e

(—) =TEX
EANE S, Bt
dom(R) C U UR — SRR — TR
m

|

fr e e R I
TS R

PRl B o ;!7(“3‘ it :
| ‘.:v\r J s b SN, 25 it

EB . IMEE a,

a € dom(R)
— 3b. (a,b) € R
— 3b. {{a},{a,b}} € R
= 3b. {a,b} €| JR

— db. a EUUR
= a EUUI\’.
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=. XZANERIZHE
(Z) AFpiRfE

1. Wk (inverse)

Def9.The inverse of R is the relation
R™'={(a,b) | (b,a) € R}

51|+

e MA R={(z,y)|z=y}CRxR R'=R
e R={(z,y) |ly=vVe} CR xR, R ={(z,y) |y =2* Az > 0}

e <={(z,y) |z <y}CRxR ,<'=>2{(z,y) |z >y}

27



=. RANEHZE

(Z) AFhiR{E

1. Wk (inverse)

Def9.The inverse of R is the relation

R~'={(a,b) | (b,a) € R)

Thl. RARERE R ZRERIK R

Proof. 3J1-

(R"H™'=R

& (a, b)
(a,b) € R™H™
< (b,a) € R™!
<~ (a,b) € R

28



=. XZANERIZHE
(Z) AFpiRfE

1. Wk (inverse)

Def9.The inverse of R is the relation
R™'={(a,b) | (b,a) € R}

Th2. XRZWESRL, H, #b: WNERR, SYIRXR, IBAE
(RUuS) =R Tyus!
(RNS) =R Ings!
(R\S)"! = R~1\s~!

Proof. i#/: I8 S5 LKMIT 1.

29



=. XZNEEEE
(Z) AMR(E
2. PRl

B )

30



=. XZNEEEE
(Z) AMR(E
2. PRl

Def10. £ fR#! (Left-Restriction) Suppose R C X X Y

and S C X. The left restriction relation of R to S over
X and Y is

R|.={(x,y) ER|x € 5}

Y4




=. XZNEEEE
(Z) AMR(E
2. PRl

Def11.5FEl (Right-Restriction) Suppose R C X X Y

and S C Y. The left restriction relation of R to .S over
X and Y is

RI°={(x,y) ER|y € S}

:




=. X}ZNERIZHE

(Z) iRk
2. FRHl)
RENEXRAEMNBSEIB S, FRA

Def12.fRl (Restriction) Suppose R C X X Xand
S C X. The restriction relation of R to .S over X is

Rl,={(x,y) ER|xESAy€ES}

.

| ws X



X b, T - "

~ examples |

=. XZNEEEE
(Z) AMR(E
2. PRI

R={(xy) |x*+y’=1}CRxXR

34
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. exanples

=. XZNEEEE
(Z) AMR(E
2. PRI

Rlp. ={(x,y) | x*+y*=1} CRXR

R S S

35



=. XZANERIZHE
(Z) AFpiRfE

3. 1%
Def 13. The image of X under relation K is the set

R X]|={be€ran(R)|da€e X. (a,b) € R}
AT ENILS, ] —RE1E
Rla] 2 R[{a}] = {b | (a,b) € R}

4. 51%

Def 14. The inverse image of Y under relation K is the set
R7Y]={a €dom(R)|Ib €Y. (a,b) € R)
AT EMIES, BA1—AEE
R™'[b] £ R7'[{b}] = {a | (a,]) € R)

36




= XRANEREEE
(Z) AMRE
(6033 15 B — L 14 R
(1) R[X; U X,] = R[X;] UR[X,]

b € R[Xl U.X’Z]

Th3

A Proof. X+ {EERID

Definition is always your friend!

eR‘/

O‘O <= da € X; U X5. (a,b)
| g <= da € X;.(a,b) € RVda€ Xs. (a,b) €R
X1
L b e RX.]V be RLX:
X2

<= b e R X,|U R|X;]

37




=. R}ZNERIEE
(Z) iRk
(& A PR —LE 4 5]

gEEFUlL (2) RIX; N X,] € RIX,] N R[X,] Tha
i Ein: REMT AR R)

C) A18: BN Fx, %, 2 [BJBIEFZ X 15

IERRRI AR R b, BEFEM—FZERT

TR g B

X2

38



—. XRNERIEE
() RS
BRI — L

(Y (3) R[X,\X,] 2 R[X,]\R[X,] e

Nt
EF

CAREFUL
 BRETNEERTR A

C) Hi0: 2 Mx,, Bllx, s 2 0E B X

WEBART AR Bk, (BRIFEM—F TR T

Bl x1 " B S

X2

A

39



=. XZNEEEE
(Z) AMR(E
5. 88

Def 15. The composition of relation
RCXXYand$ C Y x Zis the relation

RoS=1{(a,c)|3Ab.(a,b) e SA(b,c) € R}

A B C
a Ly 1|
| el
-9
[) d | Py V
. 3 11
C~ ;
> 4—— /> > TT7
d <. =
> 5
() o : . "“i",
R (¢ S



= ABTHERR T KB o RIXAR. ..
ST ...

J—

R o SHICS

FMRAF (BelElF) Riz

e« MEELITE

E

]

Y\

ES

it

RFH (BEEF) 1R1E

EXEMEFAR, BMEE X

RoS=1{(a,c)|3Ab.(a,b) e RA(b,c) € S}.

TARGE NI NA TR LS —E
R NRISCER, ARG MAGELZRIRF, DMETHE.
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=. XZNEEEE
(Z) AMR(E
5. 88

Def 15. The composition of relation
RCXXYand$ C Y x Zis the relation

RoS=1{(a,c)|3Ab.(a,b) e SA(b,c) € R}

@:(AeB)oC2Ao(BeC)

42



=. XZNEEEE
(Z) AMR(E
5. 88

Def 15. The composition of relation
RCXXYand$ C Y x Zis the relation

RoS=1{(a,c)|3Ab.(a,b) e SA(b,c) € R}
The. HBREEESE R S)oT=Ro(S-T)

T (FEFESEE)

Y&ﬂ%ﬁ’?%ﬁﬁﬂ’\]iﬁ)ﬁi@i‘

43



=. XZANERIZHE
(Z) AFpiRfE

5,28 Th6.(RoS)oT=Ro(SoT)

Proof. 31E&(a,b) (a,b) € (ReS)T
<~ dc. ((a,c) e TA(c,b) € RoS)

= 3c. (@0 €TA(3d.(c,d) ESAW D) ER))
< 3d.3c. ((@.c) € TA(c,d) €SA(,b) €R)
= 3d.((3c. (@0 €TA(c.d) € 5) A(d,b) ER)

— 3d. <(a,d) e SoTA(db) eR)
<~ (a,b) ERofS-T)



=. R}ZNERIEE
(Z) iRk
5,84 Th7. MIEFMRERM (R S) =51 R™!

(a,b) € (R S)™!
— (b,a) ER-S < 3dc.(c,b)eS ' A(a,c) R}
<~ dc.(b,c) eSA(c,a) ER
= (a,h) € S1o R~}

45



=. XFZNERIEHE
(=) T T MR
1. B=HAY:

Def16. R C X X X is reflexive if
Vae X.(a,a) ER

Va€ X. (a,a) € R
2 )L

[ ) e < CR xR is reflexive

v
@ . RGN R R

46




=. XFZNERIEHE
(=) T TR
1. B=HAY:

Def16. R C X X X is reflexive if
Vae X.(a,a) ER

Th8.FiE B RHIIXARHBEZX T KRN —1FE
R is reflexive < [ C R, B

[={(a,a) eAXA|laEA}.

/A

ThO.R is reflexive < R~ 1 =R

47



=. RANEHZE

(=) TTI%RR
2. [2E

N

B (Irreflexive):

Def17. R C X X X is irreflexive if

<CRX

Vae X. (a,a) € R

R is irreflexive

R is irreflexive

48



=. XZANERIZHE
(=) T TR
3. 33 FR(symmetric)

Def18. R C X X X is irreflexive if
Va,b € X. aRb — bRa

Va,be X. aRb — bRa

J HNFKFEEHERRI!

oo

Th10. R is symmetric < R~ ! =R

49



=. XRANEHICE
5) £
4.

= 3R (antisymmetric)

N

Def19. R C X X X is antisymmetric if
Va,b € X. (aRb A bRa) — a = b)

Va,be X. aRb — bRa

oo

BIan: >(CKF), |(EEFR)fE RXIFRAY.

50



=. RANEHZE

(=) T TR
5. %1% % (transitive)

Def20. R C X X X is transitive if
Va,b,c € X. (aRb AN bRc — aRc)

Va,b,c € X. (aRb A bRc — aRc)

O ons

O

B XFRXRNMEREET

51
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=. RANEHZE

(=) T TR Amﬁﬁ%gﬁ
5. (&1 % (transitive) RER

Def20. R C X X X is transitive if
Va,b,c € X. (aRb AN bRc — aRc)

Th11. $H4: R is transitive < RoR C R
Proof. 3J1£=(a, b)
(a,b) ER-R
—> dc.(a,c) e RA(b,c) ER
—> (a,b) € R
XEE(a, b, c)
(a,b) e RA(b,c) ER = (a,c) ER°R = (a,¢) ER




=. RANEHZE

(=) TR Aﬁmﬁnﬁf
6. YE{Z It (Connex) =RE

Def21. R C X X X is connex if
Va,b € X. (aRb VvV bRa)

7. = H(Trichotomous)

Def22. R C X X X is trichotomous if
Va,b € X. (exactly one of aRb, bRa, or a = b holds)

LEANE 2 ERRFRARHEX—T.

53



=. RANEHZE

(=) T TER

Th12. SKIERYRI1TIE:
R is symmetric and transitve <= R =R !oR

Proof. 3J{E&(a, b)
(a,b) €R-R

—> dc.(a,c) e RA(b,c) ER
—> (a,b) ER

54
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QQ: 2095728218
Email: micoael@qgqg.com

(224) gwzhang@cug.edu.cn
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